A graph G is called k-critical if it has chromatic number k; but every proper subgraph of G is ðk À 1Þ-colourable. We prove that every k-critical graph ðkX6Þ on nXk þ 2 vertices has at least 
Introduction
A graph G is k-critical for a positive integer k if G is not ðk À 1Þ-colourable but every proper subgraph of G is ðk À 1Þ-colourable. Then every k-critical graph has chromatic number k and every k-chromatic graph contains a k-critical subgraph. The importance of the notion of criticality is that problems for k-chromatic graphs may often be reduced to problems for k-critical graphs, whose structure is more restricted. Critical graphs were first defined and used by Dirac [5] in 1951. In the present paper a new lower bound for the number of edges in a k-critical graph on n vertices is established.
The complete graph K k is an example of a k-critical graph and for k ¼ 1; 2 it is the only one. The only 3-critical graphs are the odd circuits, so for the remainder of this paper we shall restrict our attention to the case kX4: Then there are k-critical graphs on n vertices for all nXk except for n ¼ k þ 1: For nXk þ 2; let f k ðnÞ denote the minimum number of edges possible in a k-critical graph on n vertices. Since every kcritical graph has minimum degree at least k À 1; we have 2f k ðnÞXðk À 1Þn: Brooks' theorem [3] implies 2f k ðnÞXðk À 1Þn þ 1; and Dirac [6] proved
In [7] , he also gave a complete description of the extremal cases. Dirac's proof was rather long. Shorter and more elegant proofs were found by Kronk and Mitchem [18] , Weinstein [23] and, for the result in [7] , by Deuber et al. [4] . In [13] , the authors proved 2f k ðnÞXðk À 1Þn þ 2ðk À 3Þ provided that na2k À 1: For a given constant cX0; let
In his fundamental paper [9] Gallai characterized the class of graphs that are subgraphs of some k-critical graph G induced by the set of vertices having degree k À 1 in G: Based on this result, he proved 2f k ðnÞXg k ðn; 0Þ: Recently, this lower bound was improved by Krivelevich [17] to 2f k ðnÞXg k ðn; 2Þ: Krivelevich [17] also presents some interesting applications of his lower bound on the number of edges in critical graphs. In what follows, let
The following theorem is one of the main results of this paper.
Theorem 1.1. If kX6 and nXk þ 2; then 2f k ðnÞXg k ðn; ðk À 5Þa k Þ:
Terminology
Concepts and notation not defined in this paper will be used as in standard textbooks. Though the main objects of our study are graphs, it is convenient to define the central concepts for hypergraphs.
A hypergraph G ¼ ðV ; EÞ consists of a finite set V ¼ V ðGÞ of vertices and a set E ¼ EðGÞ of subsets of V ; called edges, each having cardinality at least two. An edge e with jejX3 is called a hyperedge and an edge e with jej ¼ 2 is called an ordinary edge. A graph is a hypergraph in which each edge is ordinary.
Let G be a hypergraph. The order of G is jV ðGÞj: The degree d G ðxÞ of a vertex xAV ðGÞ is the number of the edges in G containing x: If d G ðxÞ ¼ r for every vertex xAV ðGÞ; then G is called r-regular. Furthermore, let dðGÞ ¼ P xAV ðGÞ d G ðxÞ: Clearly, if G is a graph, then dðGÞ ¼ 2jEðGÞj:
If H and G are hypergraphs with V ðHÞDV ðGÞ and EðHÞDEðGÞ; then H is said to be a subhypergraph of G:
Let G be a hypergraph and X DV ðGÞ: The subhypergraph G½X of G induced by X is defined as follows: V ðG½X Þ ¼ X and EðG½X Þ ¼ feAEðGÞ j eDX g: Furthermore, let GðX Þ denote the hypergraph with V ðGðX ÞÞ ¼ X and EðGðX ÞÞ ¼ fe-X j eAEðGÞ & je-X jX2g: Further, let G À X ¼ G½V ðGÞ À X and G\X ¼ GðV ðGÞ À X Þ: For MDEðGÞ; let G À M ¼ ðV ðGÞ; EðGÞ À MÞ: Clearly, G½X is a subhypergraph of GðX Þ and, if G is a graph, then G½X ¼ GðX Þ: Note that in general GðX Þ is not a subhypergraph of G:
A subset X of V ðGÞ will be called a clique of G if G½X is a complete graph. A clique of G with p vertices is also said to be a p-clique of G: As usual, K n denotes the complete graph on n vertices. For an edge e; let /eS be the hypergraph ðe; fegÞ:
For a graph G and a vertex xAV ðGÞ; let Nðx : GÞ be the neighbourhood of x in G; that is the set of all vertices yAV ðGÞ such that fx; ygAEðGÞ: Obviously, d G ðxÞ ¼ jNðx : GÞj:
Now consider a hypergraph G and a set X DV ðGÞ: Then the set of all edges eAEðGÞ satisfying je-X j ¼ 1 is denoted by E X ðGÞ and in case of X ¼ fxg also by E x ðGÞ: By an X -mapping of G we mean a mapping v that assigns to every edge eAE X ðGÞ a vertex vðeÞAe À X : For an X -mapping v and a vertex xAX ; let 
Main results
For the proof of Theorem 1.1 we shall use the concept of list colouring. Consider a hypergraph G and assign to each vertex x of G a set FðxÞ of colours (positive integers). Such an assignment F of sets to vertices in G is referred to as a list for G: A F-colouring of G is a mapping j of V ðGÞ into the set of colours such that jðxÞAFðxÞ for all xAV ðGÞ and jfjðxÞ j xAegjX2 for each eAEðGÞ: If G admits a F-colouring, then G is said to be F-colourable. In the case where FðxÞ ¼ f1; y; kg for all xAV ðGÞ; we also use the terms k-colouring and k-colourable, respectively. The chromatic number of G denoted by wðGÞ is the least number k for which G is kcolourable. If wðGÞ ¼ k; then G is called k-chromatic. The list colouring concept was introduced, independently, by Vizing [22] and by Erdo¨s et al. [8] .
Let G be a hypergraph and let F be a list for G: We say that G is F-critical if G is not F-colourable but every proper subhypergraph of G is F-colourable. In the case where FðxÞ ¼ f1; y; k À 1g for all xAV ðGÞ; we also use the term k-critical. Then G is k-critical if and only if wðG 0 ÞowðGÞ ¼ k for every proper subhypergraph G 0 of G: The following theorem is one of the main results of this paper. In particular, it implies Theorem 1.1. Theorem 1.2. Let G be a hypergraph not containing a K k ; and let F be a list for G satisfying jFðxÞj ¼ k À 1 for every xAV ðGÞ: If G is F-critical, then
provided that kX9 and c ¼ 1 3 ðk À 4Þa k or kX6; FðxÞ ¼ f1; y; k À 1g for every xAV ðGÞ and c ¼ ðk À 5Þa k : Theorem 1.2 is an immediate consequence of Theorem 1.9 in Section 1.4 and this result is proved in Section 4. The proof of the next result is given in Section 2. For kcritical graphs, this result was proved by Gallai [9] in 1963. Theorem 1.3. Assume that kX4 and GaK k is a F-critical hypergraph where F is a list for G satisfying jFðxÞj ¼ k À 1 for every xAV ðGÞ: Then dðGÞXg k ðjV ðGÞj; 0Þ: Theorem 1.3 is interesting only for F-critical hypergraphs containing a K k : Obviously, if a k-critical hypergraph G contains a K k ; then G ¼ K k : However, the list version of this statement is not true. To see this, let rX2 be an integer and let G denote the hypergraph whose vertex set is the disjoint union of r sets A 1 ; y; A r such that G½A i ¼ K k for i ¼ 1; y; r and EðGÞ ¼ S r i¼1 EðG½A i Þ,feg where e-A i ¼ fy i g for i ¼ 1; y; r: Furthermore, define the list F for the hypergraph G by FðxÞ ¼ f1; y; k À 1g if xAV ðGÞ À fy 1 ; y; y r g; f2; y; kg if xAfy 1 ; y; y r g:
(
Then jFðxÞj ¼ k À 1 for all xAV ðGÞ and it is easy to check that G is F-critical. Clearly, G is a hypergraph of order n ¼ rk containing r copies of a K k and dðGÞ ¼ ðk À 1Þn þ r:
In the next subsection we establish some basic results about list-critical hypergraphs.
Gallai trees and bad pairs
Let G be a connected hypergraph. A vertex x of G is called a separating vertex of G if G\fxg is non-empty and disconnected. An edge e of G is called a bridge of G if G À feg ¼ ðV ðGÞ; EðGÞ À fegÞ has precisely jej components. By a block of G we mean a maximal connected subhypergraph B of G such that no vertex of B is a separating vertex of B: Any two distinct blocks of G have at most one vertex in common and, obviously, a vertex of G is a separating vertex of G iff it is contained in more than one block of G: An end-block of G is a block that contains at most one separating vertex of G: Clearly, every non-empty hypergraph has at least one endblock.
The above statements about the block structure are well known for graphs. For hypergraphs, the proof of these statements is left to the reader.
By a brick we mean a hypergraph of the form /eS for some edge e; or an odd circuit (consisting only of ordinary edges), or a complete graph. A connected hypergraph all of whose blocks are bricks is called a Gallai tree; a Gallai forest is a hypergraph all of whose components are Gallai trees.
By a bad pair we mean a pair ðG; FÞ consisting of a non-empty connected hypergraph G and a list F of G such that jFðxÞjXd G ðxÞ for all xAV ðGÞ and G is not F-colourable. Lemma 1.4 (Kostochka et al. [16] ). If ðG; FÞ is a bad pair, then the following statements hold:
(a) jFðxÞj ¼ d G ðxÞ for all xAV ðGÞ: (b) Every hyperedge e of G is a bridge of G and, therefore, /eS is a block of G: (c) If G has no separating vertex, then FðxÞ is the same for all xAV ðGÞ: (d) G is a Gallai tree.
For graphs, Lemma 1.4 was proved, independently, by Borodin [1, 2] and by Erdo¨s et al. [8] . Proofs of statements (a) and (c) in the graph version based on a sequential colouring argument were given by Vizing [22] and by Lova´sz [19] . For a short proof of Lemma 1.4 based on the following simple reduction idea the reader is referred to [16] . Remark 1.5. Let G be a hypergraph, F be a list for G; X DV ðGÞ; and let v be an Xmapping of G: Furthermore, let Y ¼ V ðGÞ À X and let j be a F-colouring of G½Y : 
FÞ is a bad pair, then ðG 0 ; F 0 Þ is a bad pair provided that G 0 is connected. Lemma 1.6. Let G be a F-critical hypergraph where F is a given list for G; H ¼ fyAV ðGÞ j d G ðyÞ4jFðyÞjg and L ¼ V ðGÞ À H: Furthermore, let X be a non-empty subset of L; let v be an X -mapping of G; and let F ¼ feAEðGÞ j je-X jX2 & e À X a|g: Then the following statements hold: Clearly, statement (e) is an immediate consequence of (d). For the proof of (f), let e ¼ e-X for every eAF : Thenẽ is an edge of GðX Þ for all eAF :
Now, suppose thatẽ is not a bridge of G 0 ¼ GðX Þ for some eAF : Then, because of (b),ẽ is an ordinary edge of G 0 ; i.e.ẽ ¼ fx 1 ; x 2 g with x 1 ; x 2 AX and, therefore, Finally, suppose that jFðxÞj ¼ k À 1 for every xAV ðGÞ: If H ¼ |; then G ¼ GðLÞ and, since G is F-critical, G is connected. Therefore, by (a) and (b), G is a ðk À 1Þ-regular Gallai tree. Since every block of a Gallai tree is regular, this implies that G consists of one block. Consequently, G is a K k or k ¼ 3 and G is an odd circuit or k ¼ 2 and G ¼ /eS for some hyperedge e: If GðX Þ contains a K k ; then we argue as follows. By (a), the maximum degree of GðX Þ is at most k À 1: Consequently, by (b), one block B of GðX Þ is a K k : Then, by (d), every edge of B belongs to G and, therefore, B is a subhypergraph of G: Since every vertex of B has degree k À 1 in G; this implies that B is a component of G: Then, since G is F-critical, we infer that
For k-critical graphs, statement (b) of Lemma 1.6 is due to Gallai [9] and the first statement of (g) is equivalent to the well-known theorem of Brooks [3] . Following Gallai, a vertex x of a F-critical hypergraph G is called a high vertex if d G ðxÞ4jFðxÞj; otherwise x is called a low vertex of G: For this reason, we always write H and L for the corresponding sets of vertices.
Let G be an arbitrary Gallai tree. The set of all blocks of G is denoted by BðGÞ: If BABðGÞ; then B is regular and we say that B is a block of type b if B is ðb À 1Þ-regular. Clearly, if BABðGÞ is a block of type b; then bX1 and B ¼ K b ; or b ¼ 3 and B is an odd circuit, or b ¼ 2 and B ¼ /eS for some edge e: Two distinct blocks which have a vertex in common (they cannot have more than one vertex in common) are called adjacent.
Let UðGÞ denote the set of all mappings u that assign to every block BABðGÞ of type b a set uðBÞ of b À 1 colours such that uðBÞ-uðB 0 Þ ¼ | for any two adjacent blocks B; B 0 ABðGÞ: For a given mapping uAUðGÞ; define the list F ¼ F u for the Gallai tree G by FðxÞ ¼ S uðBÞ where B runs through all blocks of G containing the vertex xAV ðGÞ: The graph version of the following result was proved by Borodin [1, 2] and by Erdo¨s et al. [8] . 
Basic idea
The next lemma tells us how we can find a lower bound for the degree sum of a list-critical hypergraph. Lemma 1.8. Assume that kX4 and GaK k is a F-critical hypergraph where F is a list for G satisfying jFðxÞj ¼ k À 1 for every xAV ðGÞ: Furthermore, let L ¼ fxAV ðGÞ j d G ðxÞ ¼ k À 1g; H ¼ fxAV ðGÞ j d G ðxÞXkg; E 1 ¼ feAEðGÞ j je-Lj ¼ 1g and E 2 ¼ feAEðGÞ j je-LjX2g: Finally, let
je-Hj;
is a given constant. If R þ s þ t c XcjHj; then dðGÞXg k ðjV ðGÞj; cÞ:
jLj À dðGðLÞÞ and
From Lemma 1.4 we conclude that Ha| and n ¼ jLj þ jHj: If jLj ¼ 0; then dðGÞXknXg k ðn; cÞ: If jLjX1; then dðGðLÞÞ ¼ ðk À 1ÞjLj À jE 1 j and we infer that
Since R þ s þ t c XcjHj and every vertex in L has degree k À 1 in G; this implies, on the one hand, that
On the other hand,
Therefore,
Thus Lemma 1.8 is proved. & Consider a k-critical graph GaK k for some integer kX4: Furthermore, let L; H; R; s and t c be defined as in Lemma 1.8. By this lemma, R þ s þ t c XcjHj implies dðGÞXg k ðjV ðGÞj; cÞ: For k-critical graphs, this fact was already known to Gallai [9] . Clearly, in the graph case we have R ¼ 0; t c X0 and, moreover, Gallai [9] proved that if c L is the number of components of G½L; then sX2c L : Consequently, R þ s þ t c X0 and, therefore, dðGÞXg k ðjV ðGÞj; 0Þ: Krivelevich [17] observed that if c H is the number of components of G½H; then t c XdðG½HÞ ¼ 2jEðG½HÞjX2jHj
by a result from [21] , this implies that R þ s þ t c X2jHj and, therefore, dðGÞXg k ðjV ðGÞj; 2Þ:
The statement sX2c L holds also if GaK k is a F-critical graph for some list F satisfying jFðxÞj ¼ k À 1 for all xAV ðGÞ (see Section 2). However, the statement c L À c H X0 is not true in this case.
As an immediate consequence of Lemma 1.8 we obtain that for the proof of Theorem 1.2 it suffices to prove the following result. Theorem 1.9. Let G be a hypergraph not containing a K k ; and let F be a list for G satisfying jFðxÞj ¼ k À 1 for every xAV ðGÞ: Let L; H; E 1 ; E 2 ; R; s and t c be defined as in Lemma The proof of Theorem 1.9 is given in Section 4. In Section 2 we give a generalization of Gallai's result concerning s and establish some lower bounds for this parameter. In Section 3 we prove some auxiliary results about bipartite graphs. Section 4 is mainly devoted to the proof of Lemma 4.1 which is the key lemma for the proof of Theorem 1.9.
Lower bounds for r and e k -hypergraphs
Let kX4 be a given integer, and let
For an arbitrary hypergraph F and xAV ðF Þ; define sðx :
Let T k denote the set of all Gallai trees distinct from K k and with maximum degree at most k À 1: For TAT k and some end-block B of T; let T B ¼ T À ðV ðBÞ À fxgÞ where x is the only separating vertex of T contained in B (if there is no such vertex, then T ¼ B and an arbitrary vertex of B may be taken).
Lemma 2.1. Let TAT k and kX4: Then the following statements hold:
Proof. Let BABðTÞ be a block of type b; that is B is a brick and B is ðb À 1Þ-regular for some bpk À 1: Then 1pbpk À 1; B ¼ K b and Next, assume mX2: Let B be some end-block of T and let x be the only separating vertex of T contained in B: Suppose that B is a block of type b and x is of type
Then, by the induction hypothesis and Lemma 2.1(b), we infer that
Thus (a) is proved. For the proof of (b), consider an arbitrary vertex xAV ðTÞ:
Suppose that x is of type ðb 1 ; y; b l Þ in T: Then, since TAT 0 k and TaK kÀ1 ; we have 1pb i pk À 2 and b i a2 for i ¼ 1; y; m: Furthermore, d T ðxÞ ¼ P l i¼1 ðb i À 1Þpk À 1 and we have to show that
By an easy calculation, it then follows that (1) is equivalent to
First, consider the case l ¼ 1: Then 
This settles the case l ¼ 1: Next, consider the case l ¼ 2: Then 3pb 1 ; b 2 and
and in case of
Consequently, (2) holds for l ¼ 2: Finally, consider the case lX3: Then b i X3 and, therefore,
Hence (2) 
and, moreover,
( Consequently, using the induction hypothesis, we conclude that
This proves Lemma 2. If T is not an e k -hypergraph, then we argue as follows. First, consider the case where T has a block B of type 2. Then B ¼ /eS where eAEðTÞ is a bridge of T: For xAe; let T x denote the component of T À feg containing x: Since T is not an e khypergraph, T x is not an e k -hypergraph for at least one xAe: Furthermore, r k Xk À 2X2: Therefore, by the induction hypothesis,
Now, consider the case where T has no block of type 2. Then no block of T is a K kÀ1 : Let B be an end-block of T: Then T B is not an e k -hypergraph and, by the induction hypothesis and Lemma 2. 
Bipartite graphs
Let G be a graph. An edge fx; yg of G is also denoted by xy or yx: We denote by F Proof (By induction on r and jEðF Þj). A subgraph F 0 of F satisfying the conditions (a) and (b) of Lemma 3.3 is called a good subgraph of F with respect to P and r: Let F 1 ¼ F 1 ðA; BÞ be a subgraph of F and define P 1 by
for every xAA: In this case we write P 1 ¼ PjF 1 : It is easy to check that if F 0 is a good subgraph of F 1 with respect to P 1 ¼ PjF 1 and r; then F 0 is a good subgraph of F with respect to P and r:
We have to show that there is a good subgraph of F with respect to P and r provided that d F ðxÞXjPðxÞj þ 2 rÀ3 for every xAA: For r ¼ 3 this is evident. Now assume rX4:
First, assume that, for some xAA; there is a set NAPðxÞ such that N ¼ fyg:
rÀ3 and, by the induction hypothesis, there is a good subgraph F 0 of F 1 with respect to P 1 and r: Then F 0 is a good subgraph of F with respect to P and r:
Now, assume that jNjX2 for every NAPðxÞ and every xAA: If d F ðxÞ4jPðxÞj þ 2 rÀ3 for some xAA; then let F 1 ¼ F À fxyg and P 1 ¼ PjF 1 where yAN F ðxÞ:
; it then follows from the induction hypothesis that there is a good subgraph F 0 of F 1 with respect to P 1 and r: Then F 0 is a good subgraph of F with respect to P and r:
If Thus Lemma 3.4 is proved. &
List critical hypergraphs

The key lemma
The proof of Theorem 1.9 is mainly based on the following technical lemma. Recall that if G is a hypergraph and pX2 is an integer, then W p ðGÞ denotes the set of all vertices of G that belong to some ðp À 1Þ-clique of G: (a) dðyÞXd v X ðyÞ À 1 for every yAY provided that kX5: (b) dðyÞp4 for some yAY or dðTÞpsðTÞ þ 3 for some TAC provided that FðxÞ ¼ f1; y; k À 1g for every xAV ðGÞ and kX5: (c) dðyÞp3 for some yAY or dðTÞp3 for some TAC provided that every member of C is an e k -hypergraph and kX9:
The proof of this result is given in Section 4.2. In Section 4.3 we use Lemma 4.1 to prove Theorem 1.9.
Proof of Lemma 4.1
Let G be a hypergraph, zAV ðGÞ; and let F be a list for G: We call ðG; z; F; kÞ a configuration of type 1 if the following conditions hold: (a1) GaK k and every component of G À fzg belongs to T k : (a2) d G ðzÞpk and z is contained only in ordinary edges of G: (a3) jFðzÞjXd G ðzÞ À 1 and jFðxÞjXd G ðxÞ for all xAV ðGÞ À fzg:
The proof of Lemma 4.1(a) is based on the following result. 
This proves our claim. Now, we consider two cases.
Case 1: m ¼ 2 and
For xAV ðG i Þ À fzg; we have jFðxÞjXd G ðxÞ ¼ d G i ðxÞ: Since z has exactly two neighbours in the Gallai tree T i ¼ G i À fzgAT k that belong to ðk À 1Þ-cliques of T i and every ðk À 1Þ-clique of T i is a block of T i ; we conclude that G i is not a Gallai tree and jFðzÞjXd G ðzÞ À 14d G i ðzÞ:
Let M i be the set of all colours aAFðzÞ such that jðzÞaa for every F-colouring j of
À 1 we conclude that jM i jXd G i ðzÞ for some i; say i ¼ 1: Now, let F 0 be the list for G 1 with F 0 ðxÞ ¼ FðxÞ for xAV ðG 1 Þ À fzg and F 0 ðzÞ ¼ M 1 : Since G 1 is a connected hypergraph but not a Gallai tree, we infer from Lemma 1.4 that G 1 is F 0 -colourable. This implies that there is a F-colouring j of G 1 with jðzÞAM 1 ; a contradiction.
Case 2: m ¼ 1 and
Since G is not F-colourable, we may assume that jFðxÞj ¼ d G ðxÞ for all xAV ðGÞ À fzg: Let B be an arbitrary endblock of T and let X be the set of all non-separating vertices of T that belong to B: Consider a vertex uAX : 
Since there is no edge in G having a vertex in common with both X 0 and X À X 0 ; the set E X ðGÞ is the disjoint union of E X 0 ðGÞ and E X ÀX 0 ðGÞ: Therefore, v is an X 0 -mapping of G and
Then jN y j ¼ jE 0 j since otherwise there are two distinct edges e; e 0 AE x ðGÞ; for some vertex xAX 0 DL; satisfying je-e 0 jX2; a contradiction to Lemma 1.6. For all edges eAE X 0 ðGÞ,E n ; choose a vertex v 0 ðeÞAe such that v 0 ðeÞ ¼ vðeÞ for all eAE 0 and v 0 ðeÞay for all eAE n : Let G 1 be the hypergraph obtained from the Gallai forest G 0 ¼ GðX 0 Þ by adding the vertex y and joining y to every vertex in N y by an ordinary edge. Since G is Fcritical, there is a F-colouring j of the subhypergraph G 2 ¼ G À ðX If eAEðGÞ; then eAEðG 2 Þ; or e-X 0 AEðG 1 Þ; or eAE X 0 ðGÞ,E n : This implies that j,j 1 is a F-colouring of G for every F 1 -colouring j 1 of G 1 : Therefore, since G is not F-colourable, G 1 is not F 1 -colourable. Furthermore, for xAX 0 DL;
If G 1 aK k ; then, clearly, ðG 1 ; y; F 1 ; kÞ is a configuration of type 1 and, by Lemma 4.2, dðyÞ ¼ jC
Now, consider the case
and, by Lemma 1.6, X 0 is a ðk À 1Þ-clique of G: Since G does not contain a K k ; this implies that there is a vertex xAX 0 such that fx; ygAEðG 1 Þ À EðGÞ: Consequently, there is an edge eAE X 0 ðGÞ such that
Proof. By Lemma 1.7, F ¼ F u for some mapping uAUðGÞ: If x; y are contained in the same block, then the statement is evident. Otherwise, there is a sequence B 1 ; B 2 ; y; B 2lþ1 of blocks of T such that xAV ðB 1 Þ; yAV ðB 2lþ1 Þ; B 2iþ1 is a K kÀ1 for i ¼ 0; y; l and B 2i is a block of type 2 for i ¼ 1; y; l and V ðB i Þ-V ðB iþ1 Þa| for i ¼ 1; y; 2l: Then uðB i Þ-uðB iþ1 Þ ¼ | for i ¼ 1; y; 2l: Since uðB i ÞDf1; y; k À 1g; juðB 2iþ1 Þj ¼ k À 2 and juðB 2i Þj ¼ 1; we infer that uðB 1 Þ ¼ uðB 2lþ1 Þ and, therefore, FðxÞ ¼ FðyÞ: &
Proof of Lemma 4.1(b)
Suppose on the contrary that dðyÞX5 for every yAY and dðTÞXsðTÞ þ 4 for every TAC: By Lemma 1.6, GðX Þ is a Gallai forest not containing a K k and with maximum degree at most k À 1: Consequently, CDT k :
Let F ¼ F ðA; BÞ be the bipartite graph with A ¼ C and B ¼ Y where, for every TAC; the neighbourhood NðT : F Þ consists of all vertices yAY such that yAN Now let G 0 be the hypergraph obtained from the subhypergraph G À X of G by adding the ordinary edges NðT : F 0 Þ for all TAC: If yAY ; then d G ðyÞ ¼ k and, by the construction of
For every yAY ; we have jFðyÞj ¼ k À 1Xd G 0 ðyÞ þ 1: This implies that j can be extended to some F-colouring j 0 of G 0 : 
Proof of Lemma 4.1(c)
Suppose on the contrary that dðyÞX4 for every yAY and dðTÞX4 for every TAC: To arrive at a contradiction, we show that G is F-colourable.
Since G is F-critical, we infer from Lemma 1.6 that CDT k : Furthermore, by the assumption of Lemma 4.1(c), every component T of GðX Þ is an e k -hypergraph and, therefore, V ðTÞDW ¼ W k ðGðX ÞÞ ¼ X : Let X n denote the set of all non-separating vertices of GðX Þ: Then d GðX Þ ðxÞ ¼ d G ðxÞ ¼ k À 1 for all xAX À X n ; and d GðX Þ ðxÞ ¼ d G ðxÞ À 1 ¼ k À 2 for all xAX n : Consequently, for every xAX n ; there is exactly one edge e x AEðGÞ À EðGðX ÞÞ containing x: Clearly, if xAX n ; then e x -X ¼ fxg and, moreover, yAN v X ðx : GÞ iff y ¼ vðe x Þ: Let E 0 be the set of all edges eAEðGÞ satisfying e-X ¼ | and e-Y a|: For every edge eAE 0 ; choose a vertex v 0 ðeÞAe À Y provided that e À Y a|: Next, we construct the hypergraph G 1 as follows. Let V ðG 1 Þ ¼ X ,Y and let
2 where
and Our aim is to show that G 1 is F 1 -colourable. If this is true, then there is a F 1 -colouring j 1 of G 1 and j,j 1 is a F-colouring of G; a contradiction. Note that if e is an edge of G; then e is an edge of G 0 ¼ G À X À Y ; or eAE 0 ; or e-X AEðGðX ÞÞDEðG 1 Þ; or e ¼ e x for some vertex xAX n :
To prove that G 1 is F 1 -colourable, we use Lemma 4.4. First, we need some notation. For ZDX ; let NðZÞ ¼ S xAZ N x ; and, for a set of blocks B of GðX Þ; let X ðBÞ be the set of all vertices contained in some block of B:
Consider an arbitrary component TAC: Since T is an e k -hypergraph, V ðTÞDW and, therefore, jNðV ðTÞÞj ¼ dðTÞX4: Let S denote the set of all vertices x of T such that N x a| and let R denote the set of all non-separating vertices of T: Then SDR: From Lemma 4.1(a) it follows that, for every vertex yAY ; there are at most two vertices x; x 0 AV ðTÞ such that N x ¼ N x 0 ¼ fyg: This implies, in particular, that jNðZÞjX4 provided that jZ-SjX7:
Let B 1 denote the set of all blocks B of T such that V ðBÞ-ðR À SÞa|; i.e., B contains a non-separating vertex x of T such that N x ¼ |:
We claim that there is a set B ¼ B T of blocks of T such that all but at most one block of B belong to B 1 and jNðX ðBÞÞjX4: If some end-block B of T is not in B 1 ; then V ðBÞ-RDS and, since B is a K kÀ1 and kX9; jV ðBÞ-Rj ¼ k À 2X7: This implies that the claim is true for B ¼ fBg:
Now, assume that every end-block of T belong to B 1 and jNðB 1 Þjp3: Since jNðV ðTÞÞjX4; there is a block B of T not contained in B 1 : Let B ¼ B 1 ,fBg: Since |aV ðBÞ-RDS and T has at least jV ðBÞ À Rj end-blocks, we conclude that B is a K kÀ1 and jX ðBÞ-SjXjV ðBÞj ¼ k À 1X8 and, therefore, jNðX ðBÞÞjX4: This proves our claim.
Next In this subsection, let G be a hypergraph not containing a K k ; and let F be a list for G satisfying jFðxÞj ¼ k À 1 for every xAV ðGÞ: Suppose that G is F-critical.
E 1 ¼ feAEðGÞ j je-Lj ¼ 1g and E 2 ¼ feAEðGÞ j je-LjX2g:
Let C be the set of all components of GðLÞ and let D be the set of all components of GðW Þ: By Lemma 1.6, Ha| and C; DDT k : Obviously, W ¼ W k ðGðW ÞÞ and, therefore, every member of D is an e k -hypergraph. This implies, in particular, that every member of D is an e k -subcomponent of some member in C:
Denote by v an arbitrary L-mapping of G and let v 0 be a 
Consequently, Furthermore, we infer from (4), (5) and (7) Since every e k -hypergraph TAD is an e k -subcomponent of some member in C; we infer from (4), (5) and (7) 
Concluding remarks
The main result of this paper is that 2f k ðnÞXg k ðn; cÞ where c ¼ ðk À 5Þa k and kX6: Our method of proof yields two restrictions for the possible values of the constant c, namely cpk À 2=ðk À 1Þ (see Lemma 1.8) and cp We claim that if nXk þ 2 and n p À 1 mod ðk À 1Þ where 2pppk; then there is a k-critical graph with n vertices and h k;p ðnÞ edges implying that 2f k ðnÞp2h k;p ðnÞ ¼ g k n; k À 2 k À 1 þ 2c k;p :
For n ¼ k þ p; we have h k;p ðnÞ ¼ f k ðnÞ and the claim is evidently true. Now, assume n p À 1 mod ðk À 1Þ: If G is a k-critical graph with n vertices and h k;p ðnÞ edges, then we apply the Hajo´s construction (see [11] or [12] ) to G and K k : This results in a k-critical graph with n þ k À 1 vertices and
edges. By an easy calculation, we then obtain
This proves our claim.
Ore [20] (see also [12, Problem 5.3] ) conjectured that equality holds in (8) . In [10] Gallai proved that 2f k ðk þ pÞ ¼ ðk À 1Þðk þ pÞ þ pðk À pÞ provided that 2pppk À 1 and in [13] it was proved that f k ð2kÞ ¼ k 2 À 3: Ore's conjecture implies, in particular, that
Some further results concerning list critical graphs and hypergraphs with few edges can be found in [14, 15] .
